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Abstract 

The paper is devoted to the study of mappings with non-bounded characteristics 
of quasiconformality. The analog of the theorem about radius injectivity of locally 
quasiconformal mappings was proved for some class of mappings. There are found 
sharp conditions under which the so called local Q-homeomorphisms are injective in 
some neighborhood of a fixed point. 
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1 Introduction 

Here are some definitions. Everywhere below, D is a domain in W 1 , n > 2, m be a measure 
of Lebesgue in IR n , and dist (A, B) is the Euclidean distance between the sets A and B in IR n . 
The notation / : D — > W 1 assumes that / is continuous on its domain. In what follows (x, y) 
denotes the standard scalar multiplication of the vectors x,y G M n , diamA is Euclidean 
diameter of the set icl", 

B(x , r) = {xe R n : \x - x \ < r} , B n := B(0, 1) , 

S(x , r) = {x e R n : \x - x \ = r} , S^ 1 := 5(0, 1) , 

(jj n -\ denotes the square of the unit sphere § n_1 in R™, Q n is a volume of the unit ball B n in 
]R n . A mapping /:£)—>■ ~R n is said to a local homeomorphism if for every x$ & D there is a 
number 5 > such that a mapping /|b(xo,5) t° be a homeomorphism. 

Recall that a mapping /:£)—)■ R n is said to be a mapping with bounded distortion, if the 
following conditions hold: 

2) a Jacobian J(x,f) := detf'(x) of the mapping / at the point x G D preserves the sign 
almost everywhere in D, 

3) H/'Oe)!!" — K ■ \ J(x,f)\ at a.e. x G D and some constant K < oo, where 



\\f'{x)\\:= sup \f'(x)h\, 

heR n :\h\=l 



THE RADIUS OF INJECTIVITY OF LOCAL RING Q-HOMEOMORPHISMS 



2 



see., e.g., §3 Ch. I in [5j, or definition 2.1 of the section 2 Ch. I in [6]. In this case we also 
say that / is K -quasiregular, where K is from condition 3) meaning above. 

The following result was proved in the work [3] by O. Martio, S. Rickman and J. Vaisala, 
see Theorem 2.3 in [3J or Theorem 3.4 of Ch. Ill in [6J, see also the paper [lj. 

Statement 1. If n > 3 and f : M n — > IR n is a K -quasiregular local homeomorphism, 
then f is infective in a ball B (0, ip(n, K)) , where ip is a positive number depending only on 
n and K. 

A goal of the present paper is a proof of the analog of the Statement 1 for more general 
classes of mappings of ring Q-homeomorphisms. To introduce this class of the mappings, 
we give some definitions. 

A curve 7 in M. n is a continuous mapping 7 : A — > M. n where A is an open, closed or half- 
open interval in R. Given a family T of paths 7 in M. n , n > 2, a Borel function p : M n — > [0, 00] 
is called admissible for T, abbr. p G admT, if 

p(x) \dx\ > 1 



for each 7 G T. The modulus of T is the quantity 



M(T) = inf / p n (x) dm(x) . 

p£adm r J 

1" 

Given a domain D and two sets E and F in M. n , n > 2, T(E, F, D) denotes the family of 
all paths 7 : [a, b] — > M. n which join E and F in D, i.e., 7(a) G E, 7(6) G F and ^(t) G D for 
a < t < b. 

Let D be a domain in M n , Q : -D — > [0, 00] be a (Lebesgue) measurable function. Set 
A(xo, n, r 2 ) = {a; G M" : ri < |a; — Xo| < r 2 } . 
We say that a mapping M n is a rmg Q -mapping at a point Xq G D if 



M (/(r(5(aro, n), S(x , r 2 ), A(ar , r 1} r 2 )))) < J Q(x) ■ V n (\x - x Q \) dm(x) (1.1) 

A(x ,r 1 ,r 2 ) 

for every ring A(xq, ri, r 2 ), < ri < r 2 < r = dist(xo, 9D), and for every Lebesgue 
measurable function 77 : (r l5 r 2 ) — >■ [0, 00] such that 

n(r)dr > 1 . 



If the condition (11. ip holds at every point Xq G D, then we also say that / is a ring Q-mapping 
in the domain D, see section 7 in pi]. 

In what follows q , x ( r ') denotes the integral average of Q(x) under the sphere \x — Xq\ = r, 

q X0 (r):= ^ f Q(x)dS, (1.2) 

\x—xo\=r 
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where dS is element of the square of the surface S. 
One of the main results of the paper is following. 

Theorem 1.1. Let n > 3 and f : B n — > ¥L n is a local ring Q-homeomorphism at the 
point x = 0, such that Q G L z 1 oc (B n ) and 



Then f is infective in a ball B (0, 5(n, Q)) , where 5 is a positive number depending only on 
n and function Q. From other hand, the condition hi .3|) is precise, in fact, for every 5 > 
and every Q G Lj oc (M n ) with Q(x) > 1 a.e. and 



there exists a mapping f = /q : M n — > W n which is local ring Q-homeomorphism at the 
point Xq = and which is not infective in B(0, S). 

2 The main Lemma 

A set Q C M n is said to be relatively locally connected if every point in Q has arbitrary small 
neighborhoods U such that U D Q is connected. 

We also need following statements, see Lemma III.3.1-Lemma III. 3. 3 in [6]. 

Proposition 2.1. Let f : G — > M™ be a local homeomorphism, let Q be a simply 
connected and locally pathwise connected set in M n , and let P be a component of f~ l {Q) 
such that P C G. Then f maps P homeomorphically onto Q. If, in addition, Q is relatively 
locally connected, f maps P homeomorphically onto Q. 

Proposition 2.2. Let f : G — > M. n be a local homeomorphism and let F be a compact 
set in G such that fp is infective. Then f is infective in a neighborhood of F. 

Proposition 2.3. Let f : G — > R n be a local homeomorphism, let A, B C G, and let 
f be homeomorphic in A and B. If A R B ^ and f(A) fl f{B) is connected, then f is 
homeomorphic in AU B. 

Finally, we need the following statement of P. Koskela, J, Onninen and K. Rajala, see 
Lemma 3.1 in |T]. 

Proposition 2.4. Let n > 1 and r > 0. Let a ^ b, a,b 6 5(0^). Then there exists a 
point p = p(a, b) G B(0, r) such that for every t G ( |, j either 



i 




(1.3) 



i 




(1.4) 



0,b G B(p,t) and a G" B(p,t) 



or 



a,b G B(p,t) and G" -B(p, t) 
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The following Lemma plays the main role in the following. 

Lemma 2.1. Let n > 3, Q : B n — )■ [0, oo] and f : B n — > W 1 is a local ring Q-homeo- 
morphism at the point x = 0. Suppose that there exist a function ip : (0, 1) — > [0, oo] and a 
constant C = C(n,Q,ip) such that 

< J(n,r 2 ) := / tp{t)dt < oo Vr 1; r 2 G (0,1) (2.1) 



n 

and for some a > 

y Q(ar)V>(|x|)dm(a;) <C- i~ n - a (n,r 2 ). (2.2) 

r-i<\x\<r 2 

Let 

l 

7(0,1) := J if>(t)dt = oo, (2.3) 
o 

then / is infective in a ball B (0, S(n, Q, if})) , where 5 is a positive number depending only 
on n, functions Q and ip. 



Proof. We may assume /(0) = 0. Let ro = sup{r G K. : r > 0, {7(0, r) C B ra }, where 
£7(0, r) is the 0-component of / _1 (.B(0, r)). Clearly ro > 0. Fix r < ro and set U = U(0,r), 

I* = P(0,/,r) = inf{|z| : z G dU } , 

L* = L*(0,f,r) = sup{\z\ :zedU}. 

By Proposition 12.11 / maps U homeomorphically onto -8(0, r). Thus / is injective in -8(0, /*) 
and it suffices to find a lower bound for I*. 

Note that L* — > 1 as r — > r . In fact, let L* 1 as r — > r . Note that L* is increasing 
function by r and, consequently, the limit of L* as r — » r exists. Now L* — » e as r — * r Cb 
e G (0,1). Then U{0,r) C S(0,e o ) for all r G (0,r ). Note that B{0,r ) C /(S(0,e o ))- 
Now 5(0, ro) C /(S(0, £o)) and hence there exists r' > r such that {7(0, r') C B n that 
contradicts to the definition of ro- The above contradiction shows that L* — > 1 as r — > ro 
that we need to prove. 

Pick x and y G dU such that |x| = L* and |y| = Z*. Note that, by the definition of U, 
f(x), f(y) G S(0, r). By Proposition 12.41 there exists a point p G 5(0, r) such that, for every 
t G (§, ^) , /(») e B(p,t) and either G £(p,t) and f{y) £ B(p,t), or £ £(p,t) and 

/(y) G B(p,t). Fix such a i. Note that 0,f(y) and /(x) G f(B(0,l*)) and, consequently, 
f(B(0,l*))nB(p,t) / f{B(0,l*))\B(p,t). Since /(S(0,Z*)) is connected, this implies 
that there exists a point z$ G S(p,t) fl f(B(0,l*)), see Theorem 1.1.46.5 of [2]. 

Let z* be the unique point in / _1 (^) n5(0,!*). Let C t (</?) C S(p,t) be the spherical cap 
with center z t and opening angle 

C t (^) = {y G M n : \y — p\ = t,(z t — p,y — p) > t V} • 
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Let (f t be the supremum of all ip for which the ^-component of / _1 (C t ((^)) gets mapped 
homeomorphically onto Ct(f). Let Ct = Ct(<ft) and let C t * be the ^-component of f~ 1 (Ct)- 
We claim that C t * meets S(0,L*). 

Suppose this is not true. Since C t * is connected and C t * fl 5(0, L*) ^ 0, this implies that 
C 4 * C B(0,L*), see Theorem 1.1.46.5 in j2]. Remark that, in this case, C t * is a compact 
subset of U and by Proposition 12.11 / maps C t * homeomorphically onto Cp By Proposition 
12.21 / is injective in a neighborhood of C*. Thus ipt = vr, Ct = S(p, t) and C t * is a topological 
(n — l)-sphere. Note that bounded component D of W 1 \ C t * contained in 5(0,5*). Now 
f(D) is a compact subset of /(B n ) and, since the mapping / is open, df(D) C f(dD). 

Remark that f(D) C B(p,t). In fact, let f(D) <£ B(p,t), then there exists y G f(D) \ 
B(p,t). Now we have (^f(M n ) \ B(p,t)^ fl f(D) ^ and, since f(D) is compact subdomain 

of /(B n ), (7(B n ) \B(p,t)^ \f(D) ^ 0. Since f(M n )\B(p,t) is connected, this implies that 

there exists z G df(D) fl (7(B n ) \ 5(p,t)J , see Theorem 1.1.46.5 of [2j, that contradicts to 
the inclusion df(D) C B(p,t). Now /(D) C B(p,t). Remark that B(p,t) C f(D). Indeed, 
let there exists a G B(p,t) \ f(D). Since B(p,t) is connected and B(p,t) fl /(-D) 7^ this 
implies that df(D) fl B(p,t) 7^ 0, see Theorem 1.1.46.5 of [2]. The last relation contradicts 
to the inclusion df(D) C B(p,t). Thus /(D) = B(p,t). By the definition, D is a component 
of / ~ l (B(p,t)). By Proposition 12.11 / maps D onto B(p,t) homeomorphically. 

Since z£ G C t * fl U, D D 5 7^ 0. Since / maps 5 homeomorphically onto 5(0, r), / is 
injective in U U 5. This is impossible, because in view of the equality f(D) = B(p,t) and 
that f(x) G B(p,t) there exists a point x\ ^ 1, xi G 5, such that f{x\) = f{x). Thus C t * 
meets S(0,L*). 

Let A; 4 * G C t * fl 5(0,5*) and fc t = f{k*). Let r t ' be the family of all curves connecting k t 
and z t in C t . Moreover, let V be the union of the curve families T/, t G (§, &\ . Denote 
by / 4 the restriction of / to C t *. Then / t maps C 4 * homeomorphically onto C t . Furthermore, 
denote 

r= U {/r'oT^er;}. 

Since for every t G ff,"^! 11 ) , %t e 5(0,/*) and fc t G 5(0,5*), be the definition of ring 
Q-mapping we have 

M(/(r(5(0, l*), 5(0, L*), A(Q,l*,L*)))) < J Q(x) ■ V n (\x\)dm(x) (2.4) 

A(0,l*,L*) 

for every function 77 : (l*,L*) — >■ [0, 00] with 

L * 

y r]{r)dr > 1 . 

Setting r?(t) = ip(t)/I(l* , L*), where ?/> is the function from the condition of Lemma, we 
observe that 77 satisfies the above condition. Now from (12. 2p and (12. 4p we obtain that 

M(r') = M(f(T(S(0, I*), 5(0, 5*), A(0, T, 5*)))) < 
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< J Q(x)-n n (\x\)dm(x)<C/I a (l*,L*). (2.5) 

A(0,l*,L*) 

On other hand, by [8], Theorem 10.2, 



J p n (x)dS > ^ (2.6) 



S(p,t) 

for every p for which J > 1 for every 7 G T/. The integration of ( 12. 6p over t yields 

7 

M(r')>C n . (2.7) 

We obtain from (Q and (ETJ) that 

C n < C/I a (l*,L*) < C/r(l*(0,f,r ),L*(0,f,r)) (2.8) 

because 1(61,62) > 1(63,62) as e 3 > e\. Letting into the limit as r — > r in (|2.8|) . we have 

C n <C/I a (l*(0,f,r ),l). (2.9) 

First of all, from the (12. 9p follows that 1(6, 1) < 00 for every 6 G (0,1). Follow, let 
l*(0,f,r ) 0, then it follows from ( I2.3P that the right hand of ()2.9p tends to zero, that 
contradicts to (12. 9p . Thus, Z*(0, /, tq) > S for all such /. The proof is complete. □ 

3 Proof of the main result 

The following statement would be very useful, see Theorem 3.15 in [7J. 

Proposition 3.1. Let D be a domain in M. n , n > 2, and Q : D — > [0, 00] a locally 
integrable measurable function. A homeomorphism R™ is a ring Q-homeomorphism 

at a point xq if and only if for every < r\ < r 2 < tq = dist (xo, dD), 

M(T(f(S 1 ),f(S 2 ),f(D)))<^ 

where is the area of the unit sphere in M n , q xo (r) is the average of Q(x) over the sphere 
\x — x \ = r, Sj = {x G M n : \x — x | = r^-}, j = 1,2, and 



— ^ — 

ri rQ^o 1 (r) 



Proof of Theorem li.il Given < r\ < r 2 < r = 1 consider the function 

, * i (n,r 2 ) , 
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T2 

Note that ip satisfies all the conditions of Lemma 12. 1[ in particular, J - < oo by 



Theorem 1 in [9], and by Fubini theorem, J Q{x) ■ ip n (\x\) dm(x) = w n -i • I{t\,T2) 

ri<\x\<T2 

Now the first part of the Theorem follows from Lemma 12.11 



To prove second part of the Theorem, we take S > and some function Q G L\ ,1K ' M 
satisfying (IP]) . Set 



/(*) = —p(\x\) 
\x\ 



loc \ 

X 



where 




§b(r):= — — ~, I Q(x)dS. 



\x\=r 



Q(x) 



Q(x), \x\ > 5 , 
1, \x\<5. 



Note that a mapping / is a ring Q-homeomorphism at xq = 0. In fact, we have f(S(0, r)) 
S(0, R), where R := exp j- f -^- j . Now 

/(r(5-(0, n), S(0, r 2 ), A(0, n, r 2 ))) = r(5-(0, 5(0, i? 2 ), A(0, i? 2 )) , 
where Ri := exp j- / t ~i n ti )(t) | , « = 1, 2. Now by 7.5 in |8], 
M(/(r(5(0,r 1 ),S(0 ) r 2 ),A(0 ) r 1) r 2 )))) = 




Now / is a ring Q-homeomorphism at the point Xq = by Proposition 13.11 Note that under 
(5—t-O the image f(B(0, 5)) includes the ball -5(0, a), where a does not depend on 5. Now we 
map the ball -8(0, a) by some map g, which is i^-quasiregular and local homeomorphism for 
some K > 1, but not injective in 5(0, a); for instance, let g is a winding map, whose axes of 
rotation does not contain a ball f(B(0, 1)), see 5.1 in [5]. Remark that K does not depend 
on S. Now we construct a local ring K ■ Q(a;)-homeomorphism f 2 at zero, f 2 = g o f, which 
is not injective in B(0,5). Since Q is arbitrary function with Q > 1 satisfying ( II. 4p . we can 
replace Q on the Q/K in the start of the second part of the proof. So, we obtain a local ring 
Q(a;)-homeomorphism with the properties meaning above. The proof is complete. □ 
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